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i-* Sets. 

It ihcxild te esuphaaised that w are not teaching "set theory" here. We 
•re onliT cozicemed with the basic intuitive concepts of a set and the language 
used in talking ahout sets. 

Ansvers to Sxercigeg 1 

In all of the following auisvers, letters, symbols, and names of people or 
objects, as veil as their sec^aence, assy be different without making the answers 
incorrect. It is not necessaiy always to nnimg a set by s^ana of a capital let- 
ter. 

1. (a) V « [a, e, i, o, u} or V » {*: ♦ is a vowel} 

(b) P - {2, 3, 5, 1, 11, 13, 17, 19) 

* Cp: p is a prime number less than 20) 

For technical reasons, l is not considered a prijw number. For 
exaagple, its Incliision would raise a difficulty in the unique factor- 
ization theorem. 

(c) R « {(insert names of people living in your house}) 

■ (a: a is a person who lives in my house] 
Cd) T « (3, 9, 15, 21) 

* [n: n is em odd multiple of 3 and n < 21} 
(e) N - {17, 26, 35, 53, 62, 71, 8o} 

■ {x: X is a two-digit integer, the sum of digits Is 8) 
Note: 08 is not considered a two*digit number in our systean. 

2. S « {s; s is a student in our school} 

(b) K . fj#: # ^7} 

(c) P " {p: p e-yf»on in our community who found a ten-dollar bill 

yesterday} 

Note that P may be the empty (ur null) set with no elements, 

(d) B»{b: b is a book in our school library) 

(e) F . Cf : f is a rational number between 2 and 3) 
Here are three types of sets which are not tabiHated, 

(a) and (d) represent extensive and lengthy lists which are available 
sc^where as completely tabulated sets but usually not duplicated. 

(b) and (e) represent exan^ples of sets which contain an endless number of 
elttaents and thus defy listing. 
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(c) repzYwuits a coodltlon rM«u«ntXy found in Mtb«Mtict, yhBve evmi 
thoucb thm dMcriptloxi is cImt «xid vtU dtflxied it still requlr«« a groat 
dMkl of yotk or ingtmxi^ to find th« •Xwents« 

3« (a) A • {a: a i« a positiva even inti^r lui than 12} or 

is an evan na^^iral nuaber less tbaa or ei^iial to 10} 
is an integer irtiose sq\iare is less than 10} or 
is an integer mod *3 < ^ < 3} 
is the square of 1, 2, 3$ or 5) or 
is the squara of an integer and 0 < c < 26} or 

is an integer and 1 < c < ?} 
■ 2 + 3n, n is an integer, and 0 < n < 5) or 
is a misber of the form 3n - 1, and n » 1, 2, 3$ ^9 
or 

is a term in an arithmetic sequence vbose first term is 
2, vhose coBsnon difference is 3^ and vbose last terss is 17} 
(e) E « (e; e is a pexmitation of the digits 1, 2| and 3} or 
(abc: ahc is a permutation of 123} or 

{e: e is a 'Uiree*digit integer formed froco the digits 1, 2, 
and 3 vithout repetition} 



im) 


A - 


(«: 


• 






{«: 




(b) 


B « 


{b: 


b 






{b: 
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(c) 


C • 


Cc; 


c 






U: 


c 
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(d) 


D - 


(d: 


d 






(d: 


d 






or 
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2. Definition of Rmction. 

A function can be defined in a variety of vays. The definition ve have 
given vas selected because it e&phasizes the modem point of view of a function 
as a mapping, a point of view lAich is a particiOarly useful one in describing 
the cCBposition of functions mx^ inverse functions. Another cc^mon contempo- 
rary practice is to define a function as a set of ordered pairs in which no tw 
distinct pairs have the sasne first cocjponentj this definition is a particularly 
convenient one in dealing vith graphs. This point of view is described in 
Section 9* 

You should be very careful at this stage to insist upon the proper use of 
functional i^tation and hov to read it. If ve vrite 

fs y 

tbes ve read, 

"Ihe function f that takes (or taaps) x into y." 
If we vrite y ■ f(x), ve read 

"y is the value of f at x." 
The atudent ihould not be pex»itted to say that y • f(x) is a function. This 
is a coMMD error of u«a^. Many matheoaticians still use y ■ f(x) elllpti- 
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cally, but mihrnrnticiMOM, ttxay \md«r«tttnd vtet th«y ar« doing . High 

•cbool »tu«Unt«, howvw, are apt to b« v«ry confined ty tbi», w vi»h to 
do «vti!yithine wt c«a to be clear about the ■atter. Bm«, y « 3 - x i» not a 
"linear function" although It aay be used to define one over the real nuabera, 
i.e.j 

f: 3 - X. 

In ejqjlaining the function concept, you vill probably wish to laake use of 
a variety of techniques. Bie representation as a aau^ine is one. Another " 
^preach aight be to suggest a function froB a donain consisting of the stu- 
dents in the class to a range consisting of the seats in the class and than ask 
for restrictions ca the assigzasent so that it represents a function. Jbr 
iastnnce, tw different seats c«^d not he assigned to -the same student; at 
least one seat would have to be assigned to each student, etc. Or a^n, 
inquire into the possibility of defining a function ftom the set of students to 
the set of their weights, aich exai^ples are easy to devise and provide a luana 
of focuaing attention on the essential properties of a function. Also, it is 
useful for the s*;udent to be avare of the fisct that the domain and range of a 
function need no , be numerical. Many tijs»s it is useful to consider a function 
from the real numbers, say, to a set of points in a plane or vice versa. (See, 
for exas^c, the SMSG pamphlet Circuli^' f\mctions .) 

It 1b also helpful to use exai^ples from the sciences. You might ask the 
students i^t ifcysicists m^ when they sajr that the length of a metal bar is 
a function of the temperature of the bar, or that the pressiire of a gas »t a 
given temperature is a function of the volume it occupies. M&ke sure in each 
case that the stixients arrive at a function from the real numbers to the real 
nunbers. 

When introducing the idea of a function as a mapping, you should emphasixe 
the point ttiat there cannot be more than one arrow frcin each element of the 
domain, while there can be any number of -atows to each element of the range. 
If there is Just one arrow to each element in the range, then the function is 
said to be one-to-one and, as will be seen later, has an inverse. 

ae concepts of domain and range should be emphasized. It should be made 
clear that in order to define a function, we wist have a domain. (It will 
prove valuable to the students if, from time to time after you have completed 
the unit, you stop and ask for the domain and range of whatever function you 
■ay be considering at the time.) 



Antveyt to Eatereiiea 2 



1* d, bectuse it is sultiple vmlued 



2. (*) 




(c) 




3. Doraaln 

(a) K 

(b) R 

(c) non-negative R 

(d) R except x * 1 

(e) R except x - 2 or -2 R except < < 0 

To find the range in (d), set y * and solve for x: * " ~ 

This shovs that y 1. 

Do not discuss (e) at length. Simply show graph to look like this: 









X 
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Range 

R 

non-negative R 
non-negative R 
R except f(x) » 1 



5. 



6. 



7. 



8. 



If you teit to find valiw« or x tor 

3 X - «♦ 

-j^ ud Oj you ydll dbtala fiMglnary values. 

(•) f(0) - 1 (c) f(lOO) 

(b) f(-l) - -1 

(a) f(0) - 3 

(b) f(-l) - 6 

(») f(U) - 0 

(b) f(-5) - 3 

(c) f(5) - 3 
D . {1, 2, 3, 



equal to nuabers betveen 
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(c) f(a) « - 2a ♦ 3 

(d) f(x - 1) - - Jfx + 6 

(d) f(a) . /a^ - 16 

(e) f(a - 1} - /a^ - 2a - 15 



(f) fin) 
R . (2, J*, 6, 8) 



16 




They are not the ^ame function, since g does not ins. .de 0 in its 
domain. 



(a) k,~k 



(b) 8 



(c) 12,-12 



3- The G raiih of a Function . 

The graph ia perhaps the clearest oeans of displaying most functions since 
the story is all there at once. The student can observe the behavior of f 
for the various portions of the dcnaln, and, in most cases, irregularities are 
obvious ianediately. Ihe difficulty is, of course, -Uiat the graphs of some 
functions do not reveal the ^ole story, as, for exansple, 

!1 if X rational, 
0 if X irrational. 

Since high cchool students are not noraally exposed to such functions, however, 
thi* is not a veiy serious obstacle. 

The graph sight best be introduced by using soaw function whose behavior 
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it not too (Obvious, tav m^, tor •aouipl*, with to um the "grMtcst integer 
C0Dt«ia«d in" functiosj lAiich is aasily ejq?lais«d tad leads to bom interestiflfi 
osnfigurationc . We define 

f: [x] 

M tbc function vbicb a«p« -x into the gz^test integer cont&ined in x. Thus 

f(l) - 1, f(|) - 1, f(|) - 0, f(-|) - -2, etc. 

Oie gri^ of the equation y »- [x] is in Figure TC. 1. There are a nxaiher 
of interesting ccabinations which can be foxaed with [xj . 

Figures TC, 2 to TC. k illtostrate three of than. * 



Figure TC. I 



4 ^ H 



-II' 



1 -5 r 



ngure TC. 3 



4y 



-> 0 

-3 



Figure TC* 2 

y 

4 

a . — 

mtd » fc- 



-1 

-4 



Figure TC. k 



Jlirtheittorc, an infinite checkerboard pattern is given by 

{(x^y): tx] is even ax^ [y] is even). 

You ma^ also fix^ it helpful to ^tch on the blackboard some figures 
similar to those in Figure 12 and to have the students deterniine whether or not 
they represent functions by applying the vertical line test. Ptoblea 2 on 
page 9 is also a useful type of blackboard exercise, and you vill probably 
find it helpful to do one as an illustration before the students attempt to do 
Sxercises 2 th^selve^. 



^ 12 



'im my wat to pplnt out tl»t aoAt of tb« grijiha la tha t«Jrt ar« incm- 



X* (&) and (b) 
2. (») 



Aniiwr« to Exerclsea ^ 

(b) 




^* Cbnrtant tVuactlcns and Idncar fXmctlons , 

Altboufib th« IdaM of tbiB section should be ftaiillAr to the stixdent^ it 
if xsttiikeiy tliat he will have eMountcred tt. a in the laaguafie of sapping • 
3!hig aectloaa vill, tiicrefore^ give a reviev of important aaterial and, at the 
tiM^ valuable practice in the use of functional notation. 

Answers to Exercises k 



1. 




slope " 3 


(c; 


^ 1 

slope - 






slope ■ -2 


(d) 


slope - ^ 


2. 


(a) 


f : X -2x + 6 


(c) 


f(x) - -2x + 7 




(b) 


f: X-* -2x - 7 ■ 


(d) 


f(x) » -2x + 13 


3. 


(a) 


slope • "i^^ Q » -7 


(c) 


slope - ^ ^ R - 2 




(b) 


slope - J " 6 


(d) 


-3 13 
slope « ± ^ t * 




(a) 


f(x) - 3x - 2 


(c) 


not a function 




(t) 


f(x) - -2x - 10 


(d) 


fx x--^k 


5. 


(a) 


f: X -* -3x + 7 


(c) 


r(x) « -3x 8 




(b) 


f: x-> -3x - 3 


(d) 


f(x) m .3x - 13 


6. 


(a) 


f(3) - 5 (b) 


f(3) - • 




7. 


Yes. 


The slope of the line through 


P and Q is -2, and the slope of 



the line through P and S is -2. Tvo lines through the same point 
having the same slope coincide-. 

8. (a) (100.1 - 100)( xoi '.fdo ^ * 25 - .1(1^) + 25 • 26.4 

f(lOO.i) « 26.1* 

(b) .3(1^) + 25 » ^.2 + 25 - 29.2 
f(l00.3) - 29.2 

(c) f(l01.7) - W.8 

(d) f(99.7) - 20.8 

9. (a) f(53.3) - -^(-3) + 25 - 11.8 

(b) f(53.8) - -10.2 

(c) f(5^.^) - -36.6 

(d) f{52.6) » k2.6 
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If 



10,(2x+7y + l- 0 x-3y+lt-0 
)x-^ + 8«0 slope - ^ 

!2x+7y + l«0 y-|x+b 



lly - 15 



11 T 11^ 

103 
33 



^11 ^ 3 33 

X - llx - 33y + 103 - 0 

11. Die' slopes of the lines AB and CD are and the slopes of the lines 

3 

AD and BC are Since the opposite sides are parallel (have the 

same slope )^ ABCD is a parallelogram. 

12. (a) C{k,8) (h) C(5,-ll) 

13. f: 2x - 1 

f(t + 1) « 2(t + 1) - 1 - 2t + 1 

,*.P(t + 1, 2t + 1) is on the graph of f. 

Ik, f(0) - f(t - 1) ^en t - 1. OSien f ( O) « 3 . 1 + 1 - it. 
r(8) » f(t - 1) when t = 9. Then f(8) = 3 • 9 + 1 = 28. 

15. f(0) = f(t - 1) vhen t = 1. Then f(0) » 1^ + 1 « 2. 
f(8) = f(t - 1) vhen t * 9- Then f(8) = 9^ + 1 = 82. 

16. f(x^) » mx^ + b, f(xg) « mxg + b, 

f<x^) - fCxg) « ax^ + b - (mxg + b) 
» mx^ - mxg 
« m(x^ - Xg). 

Since m < 0 and < or - *2 ^' ^^^1 ' ^2^ ^' 
.•.f(x^) - fCxg) > 0 or f(x^) > fCxg). 



5. Ihe Absolute»Valuj5 Rmction. 

There are aany reasons for studying this function. It is sijnple but 
interesting and \ueful; and aost high school students are unfasdliar with it. 
It is an important tool in many proofs and is used extensively in nore advanced 
aathematics. 

Ihe definition x « is an exaI^ple of the coayposition of functions, 
CGMiderea at greater length in the next sectionj in this case, if f: x-*x^* 
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Aod g: ifx^ then the ftbuolute-vmlue function Is the ccxspound fuziction gf • 

You wmy wnt to aention thi«^ Infortaany^ In anticipation of Section 6. 

You awy have to Hfpend a little time on the definitiun of the ssjuare-root 
syjnbol, ISie definition is^ of course ^ to a conaiderable extent arhitraryi 

hut it must be unaaibiguoui if it ia to be useful* It vould be a great incon- 
venience if for example, represented a nusober vhich might be either posi- 
tive or negative, and, to avoid this Inconvenience, we a^ree that it is posi- 
tive. We can then represent the negative number vhose square is 3i without 
ambiguity, as -VJ. Becauae, for example, 1^ » 6, students find it tempting 
to write Ihis is, of course, false if x < 0. Hhe only correct 

st&tement that can be made here is, in fact, the second definition of absolute 
value; Exercise 1 is designed to reinforce this. 

It is convenient, in many applications, to think of |x| as the (undi- 
rected) distance on the number line betveen the origin and the point x. Simi- 
larly, |x - a| (or {a - x|) is th^ distance betveen the point x and the 
point a. This concept is particularly convenient in problems like Sxercises 
3 and hi thus, for exac^le, the values of x vhich satisfy |x - ^| < 2 are 
those values vhich are less than 2 units from 3, namely, all those from 3 
to 7. Inequalities such as these appear fairly often in the calculus • 

Exearclses 1-8 are intended to give the pupil an understanding of the mean- 
ing of absolute value and some facility in manipulating it. Exercises 9-11 are 
in anticipation of further work on Inequalities. 



1, (a) X > 0 



2* 



Answers to Exercises ^ 

(b) X < 0* These follow directly from the 
definition of the square-root symbol, 

l>Oorx>l (b) x-l<Oorx<l 

(d) 





3* (a) 15ie points on the nimiber line ik units from 0 are ik and -1^. 
A more f03?mal (and longer) way to arrive at the same result is to 
note that either x > 0, in i^rfaich case |x| * x and the given equa- 
tion then reads x » 1^^, or x < 0, in which case jxj - -x and the 
equation reads -x « ll| or x « -llf. 

10 



Still aaother tfproach: 



! . V? - 11. 
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x.m tik (and \x>th check). 

(b) X • 5 or -9, AH three methods dlicufised under (a) epply here, 
vith X ^ 2 replacing x. 

(c) Since the absolute value of a number is r»ver negative, it should be 
clear l^y inspection that equation has no roots. 

(a) Ttxe problea asks for those joints on the nusA^er line vhich are vithin 
1 unit of 2. These are the numbers flxai 1 to 3, and the solu- 
tion is thea^ore {x: 1 < x < 3} . It is a cosaon practice merely 
to give tl^ double Inequality which defines this set, and state the 
solution as 1 < ^ < 3. 

(b) Here ve must find those points vhich are more than 2 ujiits frco 5j 
hence [x: x < 3 or x > 7). 

(c) (x: .4.2 < X < -3.83| as in (a). Sbte that {x + If j - jx - (-4)1 
is the distance betveen x azsd -4. 

id) ISjeorem 1, |2x - 3i - 2|x - 1.5|; hence, the given inequality 
becomes 

2jx - 1.5i < 0.01* 
|x - 1.5i < 0.02, 

and the solution, as in (a), is {x: 1.48 < x < 1.52}. 
(e) (x; -1.28 < X < -1.22}, as in (d). 

If X > 0, then |x| - x and x . |xj » x^; if x < 0, then 
at • Ul » x(-x) - -x^ < 0 < x^. 

In Theorea 2, replace h hy -bj since j-b| - jb|, the desired result 
follows iaoediately. 

If a > b, then )a - b| ■ a - b and the given expression becocjes 

^a + b + a - b) « a. 
If a < b, then |m - b| » -a + b and the given expression becooes 

|(a b - a + b) - b. 

Bie leaser of a and b is given by ■|{a + b - |a - bj). Trial is as 
good a -way as any to get this. 

If X < 0, then \x\ « -x, jx - 2j - -x + 2, and y - -Sat + 2. 
If 0 < X < 2, then {x{ - x, |x - 2| - -x + 2, and y - 2. 
If X > 2, then jxj • x, (x - 2j » x - 2, and y - at - 2. 
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9. + 2x| < 1x^1 + \Zx\ by Uieorein 2 

< [x^l + 2lx| by aecsrem 1 

<jxj+2jxj=3lxi by the inequality given in the Exercise. 

10. Multiplying both sides of x < k by the positive nmber x gives 
X < kx. Then, proceeding as in Exercise 9, we get 

|x^ - 3xj < |x^| + 1-3x1 - Ix^j + 3|xl < 0.l{xl + 3lx) =■ 3.l|x| if 
|x| < 0.1. 

11. |x| < 0.001, or -0.001 < X < 0.001. "EhiB result can be established as 
in Exercise 10. 



Ansvers to Exercises 6 

1. (a) -1 (d) 63 {f) f 1 

(b) 1 (e) x^ + i*x + 3 (g) X + 5 

(c) 5 

2. (a) acx + ad + b (b) acx + cb + d 

(d) Theorem: Ihe slope of either cooposite of two linear flmctions is 
equal to the product of the slopes of the two linear functions. 

3. {a) 1, -3, 8 

(b) If f: 3£-»^, then ff: x-*x for all x 0. 

k, (ft) f^J x-»x+2 Jf: x-»x+2 

(b) g: X-* X - 2 

(c) h; X - 2 

5. (») (fg)(x) - x^ and (gf)(x) - x^ 
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(b) (fg)(x) - (gf)(x) = X 
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7. (a) (f . s)(x) • - X - 6 (d) (gh)(x) - - 3 

(b) ((f .s}fa)(x) - - x^ - 6 (e) ((fh) . (gh)j(x) - x^ - - 6 

(c) (fh)(x) • x^ 1- 2 

8. OSie re»ult is true »nd c&n be proved as foliovs: Given three functions, 
r: x-*f(x), g: x-^g(x), fimd h: x«^h(x), ve wish to show that 

(f .g)h - (fh) . (gh). 

(It Is assumed throughout that f, g, aad h are being discussed for all 
X in the intersection of their dcsaaina . ) 
^ definition: (f • g)(x) - f(x) • g(x), 

hence ((f . g)h](x) = <f .g)(h(x)) « f[h(xy, • g[h(x)) 

- ((fh) •(gh))(x). 

9. theorem is false, as the folloving counter-example shows: 

"Bake for both g and h the identity function x -* x and for f the 
function x-»x+l. Then (g • h)(x) « x^ and (f(g • h)) (x) - x^ + i, 
but (fg)(x) « (fh)(x) » X + 1, and therefore (its) • («i))(x) - 
(x 4 1)2^x^*1. ^ ^ 

10. (f + g)h »= fh + gh, since (f + g)(x) - f(x) + g(x), and if x is 
replaced by h(x)', we obtain (f + g)(h(x)J - f(h(x)J + g(h(x)] . But 
^■(g + h) / fg + fh; this can be shown using as counter-example the func- 
tions suggested under Exercise 9. 

11. OSake f(x) • m^x + b^, g(x) = aigX + b^, h(x) « m^x + b^. 

IHien (gh)(x) - g[h(x)y - m^im^x + b^) + b^ - m^^x + m^^ + b^, 
and (f(eh))(x) » f ((gh)(x)j - n^im^^x + m^b^ + b^) + b^ 

- m^m^^x + Ja^ia^b^ + m-j^bg + b^. 
Similarly, (fg)(x) » f (g(x)) - m^im^x + b^) + b^ 

and ((fg)h](x) • (fg)(h(x)] -= m^Egdn^x + b^) + m^bg + b^ 

- m^ja^^x + Bj^nigb-, + ni^hg + b^^ 

- (f(gh))(x). 

Since this result is valid for all x e R, it follows that 

{fg)h - f(gh). 
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' It Is fre^ently heljUil in conveying the ide* of aa inverae to coMlder 

i\iacUon» with * flxiite doBfcijj. Hhu*, let f: x-*y be deacribed by the 
table 

3 i k Doatdn of f - {1, 3, ^) 



! 1 



t 



Hange of f « (2, 5, 3) 



vbich ve say represent on a graph as dots. 



s 

4 

3 

2 
1 


If 




















/ 








— < 




e 


► 






































0 


2 3 4 5 



f*^ undoes what 
right back to I< 
and the range of 
as 



f does. Thus, if t 



Hence, the danain of f 
.-1 



sends 

1 



i into 2, f'^ sends 2 
is the range of f, {2, 5^ 3), 



is the doaaain of f • We may vrite the table for f 



pictiired on the ^bove graph as circles. Mote the syzBMtry of f 
vith respect to the graph of y * x. 



and f 



IQien i^e axpreaslon on the right side of the arrov is slsgple, f aay be 

•1 X + 2 

ily obtained froai f. Dius, if t\ x-*3x - 2, then f : .x-*' — — . f 



corresponds to the instructions '^aultiply by 3 

-1 



and then subtract 



3 
2." 



To 



^mdo** this and obtain f , we add 2 and then divide bjr 3. OSiis is aU 



veil and good for simple functions. 
X + 1 



However, this 'approach no longer works if 



f ; x-* 



X + 2* 
If ve vrit« 



find the value of 
y » W \ X, obtaining 

^-1. .2x^1 



we want to 

X that is associated with a particiOar y* Hence, ve solve 

X * ^ I • We then usually write 
-y ♦ 1 

using X in place of y* 



-X ♦ 1 

ffo could check this resiat quickly by taking a specific value for x, 
X « 0, and seeing whether f*''' 



undoes what f does* Hius, 



2n 



„. St O-^f^*! or f(0)«|. f"^ ahould Mod | back to 0. Lvt us sm 

-11 " ^ 1-1 

If It do«t. f J - — ^ — - 0 .and it do«a. In geaena ve have 

X 1 



X + 2 

2x 4> g « X » g X 
-x-l + x+ 2*! 

X. 

or 



2x 1 

(ff Hx) - ac 1 - ac ^ 1 ; ^ - T - X, 

•X ♦ 1 ^ 

In general, if f: x-»y » f(x), thea solve the equation y « f{x) for 
X in terM of y. This enables ub to associate with a given y its x-partner 
and thxxs reveals the inverse, f"^. Of coxirse, if f does not have an inverse^ 
the expression obtained for x in tenas of y will reveal this. 

Answers to Exercises 2 

1. (a) x-^x-f? (b) x^^S^ (c) x^^ 

5 X 

2. (a) X » y 7 coaqpared with x-» x + 7 

{b) X » ^ ' ^ ^ cottpared vith x^-- y ^ 

(c) x«^ coB5>ared vith x-*- 
y X 

'3. I^t the nuaber be x; then the various instructions given can be repre- 
sented by the functions f^ to fy, as follows; 

f X X + 6 

f^: X'^kx 

f|^: x-*x + 9 

fjS x-^5x 

fgs x-^x - 165 

f f V <^ ^ 
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"1 



Then ff.ff.fff x-*2iM2iJLiL±iL:-ii£. 



1. 
2. 
3. 



5. 



6. 



(a) x-*^^-J-^ 
(a) X - i-J-^ 



Ansvers to SterclBes 8 
(b) y 2. 




(c) x-» ^^TT^ 
(c) . X » ^i^y + 2 



Suppose the digits are x and y, and ve pick x. Then ve define: 

' f^: x*-*5x 

f X X + 7 



X-* 2x 



f^^: x-^ X + y 



X - lU 

f^f^f^rgf^: x-^ 2(5x 7) + y - - IQx + y, 
a number with tens digit x and units digit y. 
A function vhich has an inverse. 

If x^ x^f then either x^ < x^^ in ^ch case ^'(^c^) > ftx^), or 

^1 ^2^ which case f(x^) < fCXg)* In either case, ^ x^ implies 

f(x^) f f{xg); hence f is one-to-one and has an inverse by Theorem 4. 

(a) f(l) * 1 « f(*l) suffices to snow 
that f is not one-'to-one and 
therefore does not have an inverse • 





1 




I TVX 
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-s 
















\ 




















































































4 


























- 

























f : X-* X 
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7. 



8. 
9. 



(c) 'She domain of f Is the \mL 



on 



of the dooalos of f^ asid f^. 



(a) f(l) - - f(-l) suffices to 
shov that f is not one-to-one 
and therefore does not have an 
inverse - 






1 






















<.(!) 




























































































■5- 
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-2 -jO 


1 S 






?- 






















• — 
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— ( 





(t) For e:ci«ple, f^: x-^A-x , 0 < 3c i 2, 

x-^ A - x^, -2 < X < 0. 



2 2 
f^i X X - X > 2, and f^i x x - ^^x, x < 2* 

3 

Ail x-^x"^ - 3X| with dCBD&ins Cx: x < -1}, {x: -1 < x < 1}, and 
Ixi X > l) . 
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1. U) {(0,.X), (2,5), (5,H*)3 (c) ((x,2): x an inUgtrl "4 

(b) {(x,x3): X € R) (d) {(x,x): x c H} ^ 

2. (a) f. o-»l, 2-*3, i*-*5i or fs x->x + l, x e [0, 2, 4} 

(t) f: x-*i/xf X a positiv« r«al nuabcr i 

(c) f: X-* -1, X e R 

(d) f: 0-» -2, J*, 5-* 15 

3* (a), (c), aod (d) do; (b) doec not since both (2,3) and (2,5) are in 

the set. 

k. (c) and (d) do; (a) does not since (5,l) and (6,l) are both in the 
aet. Tho inverse of (c) is {(l,-l), (-^,3), (0,0)}; the inverse of (d) 

is {(2,-1)}. 

5. (a) {(1,0), (3,2), (5A)} 

(b) {(x,x^): X a positive real number) 

(c) Does not have an inverse since, for exusplc, 1-* -1 and also 2-» -1. 

(d) {(-2,0), (S-1), (15,5)) 



Ansyers to Miscellaneous Exercises 



1. 



2. 



3. 
k. 

5. 
6. 

7. 
8. 



If ve write g as { (x,g(x)) : x € domain of g) aM 

f " C(x,f(x)]: X € domadn of f - range of g), then 

fg - {(x,fg(x)): X € range of g) . 

r 

(ft) fiixiction 



(d) not a function 

(e) not a function 

(f) function 



(b) function 

(c) function vith inverse 
f : 2 or y • 2. 

When a • b « 0 and c € R. 

The poxnt of intersection is (r*-^)/ so f: x-^-r- 

5 5 5 



%e point of intersection is (- 



U ab - 20^ 



^-^—^9 a - 5 "^^ provided a 5- If 

a » 5/ they will be parallel, or if also \> ^ they will coincide. 

T^i + 3 Md fg2 x->-x-3. 

lQx^y-7»0 or y-7-lQx and a« -10. Ciis means for each unit 
increase in y decreases by 10. If x incr«ises from 500 to 505, 

y decreases 50, If y decreases from -5OO to -505, x increases 
•5 or !• 
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9. aiop« of Hum m ^^^'i ^ ^^^ • I sad lio« !• y » |x. 

10. Ibint of intcTtftction Is (0,k), «o Une ic y - <«- k. 

11. 6x*3y-7»0 — ♦ y - ? - 2x 

y - -2jt * 3 — 



— ♦ y 

y - 3 



3 

2x 



Uii«» ar« p*r»llel and -r of a. unit *p»rt on the y-&xis. H&lf of this 

1 8 
distance is so the line is y - i - 2x. 



12. ^ - X + 3 — — * y ■ I * I • " I* 

Slope of J_ is -2. So line is y - -2x + l8. 



13* y ■ f-,(t) ■ t - 10 vhen t is in minutes. 

y - fg(t) - 60(t - ■g) when t is in hours. Domain of t for f^ is 
{ts t > 10 and t is a natural number} j for f^ it is 
(t: ^ ^ ^ ^ ^ ^ is & natural number} . 

Ih. (s) AC: y » 

(b) BO: y • ll* - 

15. (a) AC: y « — x 



(c) Intersection is point (6,3'^) 



(b) BD: y 



■(x- xji 



^2 ^2 

( c ) Intersection is point (-^ , 



2 ~*1 

16. (f(gh))(x) - ffs(h(x)/) « f (s(c)) . f(b) - a, 
(f(hg)j(x) - f(h(s(x)jj - f(h(b)^ - f(c) - a. 

But gh: x-*li and hg: x-^c, so these two are different unless b ^ c. 
•1. _ _ X - b 



17. f 



18. Any constant function x-^c, or the identity function x-»x, or the 
absolute-value function x-^ jxj. 

19. (a) 



-4 -3 "2 1 




' ' ■ ' 
2 5 4 S 
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o 



(b) lot« that a«ith«r absolute value can ej^Md Ij hence x la limited 
to (x: < X < 1) and y Is similarity restricted. 



I 

t-2 









■3 




•2 




■ 1 






"5 "4 "3 '2 "1 

-r 


\ 1 2 3 4 5 




•3 





20. ifg)ix) - 2(3x + k)-5-6x + 2k-5 
(6f)(x) • 3(2x - 5) + 1^ - 6x - 15 + k 

6x + 2k - 5 • 6x - 15 + k 
k « -10 

21. Doisain Range 

f R {y: y > 0} 

g (x: ix| <k} {y; 0 < y < 4) 

The intersection of the range of f and the doaain of g is 

{ys 0 < y < k). Ihe eleaents of this set are the images, under tiie 

sapping f, of {x: |x| < 2}, ^ch is tberefcre the domain of gf. 

The intersection of the range of g dad the domain of f is the 
rmnge of g itself j hence the dooain of fg is the domain of g, that 
iMf [x: |x| < h]. 
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Uliuitratlve Test ^ueetions 



Ibe foIXovlng questions (with answrs appei^ed) have been Included in 
oviex to assist you in the preparation of testa and quiues. !Ihe order or the 
itoaa is approxljnately the saste as the order In which tixe various concepts heirig 
tested appear in the text. Hhis a»ans that you can use selected prohleas from 
this list before the chapter has been coaspleted. 

For a short quiz, one or tvo problems frtM this list would be sufficientj 
a full period (i^^O or 5^ rainutes) test mifiht contain anywhere froc five to 
ten of the problems* It vould be a mistake to give all the questions as a 
chapter test unless at least two class periods were planned for it. 

1* Given f: x-*x^ -t- 2, find 



2. Find the domain of f if it is the largest set of real nvuabers that f 
maps into real numbers, and find also the coi^sponding range: 
' (a) f: ✓x • 1 



3. Which of these could be the graph of 

(a) a function f: x y? 

(b) a function f: y-^x? 



(a) f{3); 



(t) f{6)j 



(c) f(|). 



(1) 



(2) 





(3) 



y 
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At the Tig^tf ftkfitch the graphs of the fol- 




4y 



XoviDg functions: ' 
(•) gi x-*-f(x) 

(b) hi x-»-f(-x) 

(c) k: x-*f(lx|) 
(4) a: x-^ltix)\ 



3. ara(ph the foUovlx^ functiozis, indicating the domain and range oti the 
appropsriate axes: 
(a) f; * -/x, X > I 

it) g: x-»l+|x-l|, -1 < X < 2 

6. Graph: jx| + 2ly| - k. 

7. Solve: (a) jx + 3i < 0.2; 

(h) j2x - 5! < 0.1. 

8. Find a linear function f such that f(2) » 3 and f(3) - 2fik). 

9. If ** linear function f has slope | and if f(2) - -3, ix-Jd f(7). 

10. What is the slope of a linear function f if f(5) - f(2) » k1 

11. find the linear function whose graph passes through all points with 
coordinates of the foras ((t + 3)(t - 2), (t + h){t -3))- 



12. Find the value of k for which (k,21i) lies on the line through (3,-2) 
and 

2 

13. Given f: x-*3x + 1 and g: x-*x -2, find the function fg - gf. 
Xk. Given f: x-^2x + 1 and g: x-^x - 1, solve the equation (gf)(x) «0. 

15. Given f: x-^3x ^ 5 and g; x-^2x + find k if (gf)(x) « (fg){x) 
for all X € R. 

16. Write the foiloving functions, defined as laappings, as sets of ordered 
p&irs: 

(a) f: 2, -1-^ 0 

(b) f; x-*5x, X € R 

17. Write the foiloving functions defined as sets of ordered pairs as mappii^gs: 

(a) {(0,1), (3,-5), (2,7)) 

(b) {{x, 2x - 1): X c R) 
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1. 

2. 

3. 



Apgvers to IUu«tratlva Ttttt Questlona 

(t) 38 (c) ^ 

(a) Iteln: {x: x>l3. Baoge: {y: y>0}. 

(b) DcjBain: {x: x / -Ij. S«age: (y: y^l}. 

(*) (2) (b) (2), (If) 

(b) 
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7. (a) -3.2 < X < -2.8 (b) 2.1^5 < x < 2.55 

8. X— -X + 5 

9. f(7) « I 

10. m - I 
H. x-» X - 6 

12. k - 11 ■ 

13. fg - gfs x-»-6x^ - 6x - 4 
iJ*. x « 0, -1 

15. Jc « I 

16. (•) {(1,2), {-1,0)3 (b) {(x,5x): X e R] 

IT. (») f: 0-* 1, 3-* -5, 2-^7 (^j) x-'>2x-l, x e R. 
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CIRCULAR TONCTIONS 



Introduction # 

!I5ie pac^Jblet is not a course in trigonometry in the solution-of-triangles 
sense. It is expected that, normally, this asi>ect of trigonometry vlll have 
been studied previous to the present chapter, (ihis is not unconditionally 
necessary, however.) 

a^ph&sis is placed on the periodic property of sin and cos. (A rela* 
tively small part of the pauqphlet is devoted to tan.) Extensive use is made 
of the idea of rotating the plane about a perpendicular to it through the ori- 
gin. This gives a certain unity to the discussion. Consistent vith this 
emphasis, ve have derived the foimulas for sin (x y) and cos (x ^ y) in 
terms of the simplest propertieo of rotation. We believe that this approach 
is a natural one (no tricks i) and that the student will really understand 
analytic trigonometry^ \fhen he studies it in this vay. 

1. Circular fbtions and Bgriodicity . 

The emphasis throughout is on the periodic properties of the circular 
functions, i.e., the sine and cosine. In beginning, you should emphasize that 
ve shall talk here about functions vhich di-..fer from those ve have previously 



studied in that they have the property of periodicity. 

One good v^y to visualise a periodic function is in terms of the machine 
developed in the pamphlet Functions . II' the function depicted by the machine 
is periodic of period a, then vhen x, x + a, x + 2a, x na are dropped 

into the hopper, ve obtain the same output, f(x), in each case. In the next 
Section ve speak of laying rectangles containing one complete cycle of the 
function end to end, and you may wish to use the idea here in order to illus- 
trate further the meaning of periodicity. 

The xize of the uv- and xy-planes vhich ve employ may be a source of diffi- 
culty at first', tfe vish to talk about the unit circle vith i^ich ve defino 
sin and cos, but later ve shall need to display the graphs of y ^" sin x and 
y. « cos x on an xy*plane. Since ve are using x for arc length (to obtain 
the familiar sin x and cos x) it might be confusing to teach the student to 
visualize x as both the horizontal axis on the plane of the unit circle and 
at the same time a length of circular arc. We feel that if care is exercised 
a,t the time the transition is made in Section 2, the use of u and v is more 
satisfactory than trying to get x to vear tvo hats in this section. 

A more exact vay of defining sin and cos is by a composition of tvo 
functions, one frcmi the set of real numberr? to the set of geometric points on 
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tb« imit circlt «nd th« cthmr Txoik thm set of points on the circle to the set 
of ««1 mabers. ffltms, ifxcBsuidlfPisa point on the unit circle^ 
M have ft fU2K:tlon 

and another function 

g: cos X 

frosi ^cb 

gf ; X cos X 

and similarly for the sine, Vfe feel, however, that the vay in which ve have 
handled it in the text, while possibly less rigorous, is certainly easier to 
teach fltnd is perfectly adequate for our purposes* 

Hhe fact that cos and sin are functions from real numhers to real 
Quahers should be ea^shaaized. You might point out to the student that novhere 
is this section have we used an angle and, although we have used the concept, of 
arc lexsgth, sine and cosine are completely divorced froas any geoaetric consider- 
ations • !Ihey are functions on the set of real nuaibers in the same sense as 
polynomials, say, or exponential functions • Too often when we speak of sin A, 
the students feel that A imist be an angle* Sometimes they think of A as 
being the degree measure or radian m^sure of an angle, but the idea that A 
need have no connection with an aujgle Is usually very strange* 

Exercises 1 

Die exercises lean on the notion of periodicity* de first five are not 
difficxilt* We have starr^ Exercises 6-9 since they require more insight than 
the others, but If ft'oblra 7a "is not assigned as homework, it should be covered 
in class, since this relationship is used in Section 4* 

Answers to ^kercises 1 
1. The rotation of the «rth about the sun every 365^ days. 
The phases of the moon; period is about 29^ days* 

The swinging of the pendiaum of a clock; for a grandfather's clock, the 
period is usually 2 seconds. 

The oscillation of a piston in a steam engine or internal combustion 
engine, period depends upon speed of engine. 

'The alternation of A.C. electric current; for 60 cycle current, the 
period is ^ second* 

a6 
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QiciJUAtion of vmcuua tubes, vHizmtloju of strings of nisicAl initnaMcts : 
(souod v»v»s In gtneral}; etc* ^ 

-i 
1 



2. 




p(-|) - - ac) . P(^) 




(b) 


p(3«) - pU + ai) - pU) 




(e) 


p(.f) 


- p(| - ac) - p(|) 




(d) 


p(4cr?6«) - P(0 + 2038 • as) - P(0) 


J* 




{0,-1) 


Cc) (0,1) 




(b) 


(-1,0) 


(d) (i,0) 


1*. 


(a) 


X - 2 , 


, ^ (c) X - 0, ac 






X - Xj 


3x (d) X - X, 3* 


5. 


(a) 


X 

X - |, 




•6. 


(a) 


sin 2x 


» sin (2x + 2s) from periodicity of sin 
- sin 2(x + and the period is 




(b) 


sin |x 


- sin (|x + 2sc) 

■ sin + 49c), and the period is ^sc. 




(c) 


COS 4x 


» cos ikx + ai) 

« cos kix + |), and the period is ^. 




(d) 


1 

COS 


- cos (-|x + ac) 

» COS '^^c ^ ^s), and the period is ^x. 


*7. 


(a) 


f(x) - 
f(x) + 


ftx + a), g(x) » g(x + a). Given. 

g(x) » f(x -i- a) + g(x + a). Addition Axiom. 
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(f * g)(x) « (f + g){x + a), ?y definition. 

.\f -i- g is periodic with period a. By definition. 

To show that a is not necessarily the funda2nental period, you can 

use, for example, 

f: x-^ in sin x a^ g: x-^ In cos x, 
each of which has period 2k* But 

(f + g)(x) * In sin x + In cos x « in (sin x cos x) 

- In (| sin 2x) 
and f g therefore has fundansental period ic. 

An even iso^e striking exac^ie is afforded by 

f: X-* sin X fitnd g: x-* -sin x; 

then f + g: x-^ 0 and has every real nusnber as a period, but has 
no fundamental pt>riod. 
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(b) fix) . six) « f(x + *} . g(x ^- m) MuiUplicAUon Axioa. 

(f • g)(x) (f • g}(x ^ ») Definition, 
•^•f • g iB periodic vith period a« Definition* 

An example In & is not the fimdaaental pezlod Is 

f: x-^ sin X and g; x-^ cos x 
vbich yields 

f • g; sin x cos x i* sin 2x 

vith fundamental period 3C# 

♦8. f(x) » f(x + a) Given. 
g(x) > g(x} if g is defined at x. 
g(f(x)) - g^f(x ^ a)) aihstitution. 
(gf)(x) - (fifXx + a) By definition of gf . 

/^f is periodic vith period a. 

♦9» IT a i0 a period of cos^ it must be true that 

cos (x + a) = cos X 

for all X € K. In particular^ it must be true if x • 0 that 

cos a » COB 0 =s 1. 

SUt the only point on the unit circle vith abscissa 1 is (l|0), vhich 
correspordD to x = 0 + 2nji. 

'I5ie proof for sin is similar; use x * ^. 



2. Graphs of S ine and Cosine . 

The rectangle device used here can he a very useful one in teaching the 
student to graph periodic functions. By estahiishing the period and amplitude 
visually, it directs his attention to a specific region of the plane vith re- 
spect to both the domain and range of the function. 

We use the geometric argument to obtain specific values of the functions, 
because it is the simplest and most familiar tool available to the student. We 
hope that you vill er^phasize the symmetric nature of the unit circle and that 
the student vill b€ encouraged to use considerations of symmetiy vhenever 
possible. 

Exercises 2 

The exercises develop socie simple cymetry properties of sin x and 
cos X, ai;d lead the student into understanding the effect of tiie constants 
A, and C in y « A sin (Sbc c). 
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3. 



A.nBvers ^ Bceyciggs 2 



1. (») f(3x) - 



1 

2 



(c) 



Sif) 



2. (a) fix) - 0 



(c) f(|) 



(a) 



(d) f(^) - f(|) - f 

(e) f(-7s) « fCx) - -1 

Cf) f(-^) - fC^) . -I 

(e) fix) - 0 

if) fif) . f 



(c) 



ax 



(d) for all values of x 
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7- 

8. 
9. 



(a) The values of the ordinate are multiplied by k. 
{b) Hhe period of tbe graph is 

(c) Cie graph is sOaifted to the left by the amount x ="k. 
cos (x - ^) « sin X 



(a) 



(b) 



and Pg are symetric with 
respect to the origin • 
» p(x) « (u,v), 

Pg « p(x - «) « p(x n) 
« (-u^-v). 

Hence J cos x = -cos (x - «) 
» -cos (x St), 




and 



sin X » -sin (x - st) 
» -sin (x ^ Jf). 

P^ and Pj are sysmetric with respect to the v-axis« 
P^ = p(x) = (u,v), 

P^ = p(-x - «) « pi'X + J?) « (-u,v). 

Hence, cos x ■ -cos (-x - ^) « -cos (-x fc)^ 
and sin x = sin (-x - n) = sin (-x + n). 



3. Angle and Angle Measure . 

Ihls is probably review material for most students at this level. For- 
ttulas (l) and (2) are the standard radian-degree relationships and the exer- 
cises ore routine drill in going from one to the other.. 

30 3p 



tofwrg to 3Ex»rci»»i 3 



1- (•) 


120° 


(4) 


210° 


<6) 


k8o° 


(Ij) 


_ _o 
30 


(e) 


360° 




€ka^ 


(c) 


-120° 


(f) 


150° 


(i) 




2. (.) 


2 


(d) 


3 


(8) 


2 


M 




(e) 


12£ 

12 


(n) 




(c) 




(f) 


12 


(1) 


10 



3. a-^.^.a. 

^2 (|)x . 4 
A » ^ * 3jc square units 

5. (a) Since 90° - 100 "units", 1° - ~ "units". 

y 

(b) Since | - 100 "units", 1 Indian « ^ 'Wts". 

(c) a - I - ~ » 2 radians) hence a - — "units". 



i*. Unifona Circular Motion . 

This unit should be taught with care, since the material incliuied will be 
used in Section 8. In dealing with sin and cos &s time functions, w use 
0* where u) is the angular velocity, because this is the form in i&ich it 
appeara in most acientific appUcations. Since up to this point we have dealt 
with functions connected with an arc length x, you should spend a little time 
fasillarizing the student with cut. 

Ifee device used in the text to visualize the behavior of a wive is only 
one of several idiich you »«y wish to try. Most currently available trigoncm- 
etry texts have some such approach to the problem, and you should supplement 
the textxiai ea^planatlon with any other swans you feel appropriate. E 

We chose the acouatical example to build upon since the addition of 
preiiurea is inttiitivwly siaaple. 

When we use a grajdi to enhance the student's understanding of a function 
i&icb maps r«»l mmbuY into real numbers, we give a true picture of the func- 
tion only viien we use the same scale on both axea. We have followed this 
practice in moat of the graphs of this section of the text, Cb the other hand, 
it is sometimes desirable to distort the graph by using different scales in 
order to ahow iaqportant details which might otherwise be indistinct or con- 
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rUA«d^ aDd idien v« grmph ftn ttquatlon vixich dMAcribes the relatlonsMp betiraeii 
tyo physical q»iantitiei, the question of equal scales may he meanixsgless . If 
the pr«ssure p at time t is given by an equation of the foxm 
p « P cos (at a)j ve cannot use the satoe scale on the p-axis as on the t<-axi8 
because there is lio ccmnon measure for tii&e cuid pressure* Because this situa- 
tion is one of cooaon occurrence in applications of the circular functions, ve 
have not always insisted on the equals-scales principle. See, for exasyple, 
Il£ure 21 and ]&any of the graphs in this section of the coasaentary. 

Ansvers to Exercises k 

1. See graph. (Note scales.) 

The gr^ of p » 3 cos art + U sin nt is periodic, with period 2, since 
corresponding points on t^e graph are 2, i*^, 6, • • . , 2n imits apart iiflien 
measured along the t-axis» (Beriods of 3 cos ^t and k sin nt saiae as 
period of p,) 
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Thi ronot 2ft<i.4<v<4 
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IThe period is 2a. 

The range is 

-3 < y < 3. 




Ihe perloa Ig Si. 'flie range is -i5 < y ^ (found exactly by the roeth- 

04s of the ralc'iius or those of Section 8 or approximate^' by the graph). 
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5» Vectort and BotEtio^g . 

tte choie the vector approach to the addition fonsolas for tvo reuons. 
yiMt, it should a meana of deriving these rela*lcnships different from any 
which the stxxdent has previously encountered. Second, it is an extreaely" 
Biaple and efficient means of obtaining these relationships. We do not, of 
coiarse, intend this to he a thorough treatment of vectors. 

We anticipate that the idea of a rotation as a function, and its effect on 
a vector, will have to be explained very carefully. You should do a lot of 
blackboard vork h-sre, giving a variety of siaple manipulative illustrations. 

using c hal k of different colors, yc^ cam probably iasprove on sc^ of the 
figures (such aui Figure 26, for e«aQ5le) in the paa^phlet. Shov vectors rotated 
in both directions; illustrate rotations folloved by rotations; shov the rota- 
tions of the components of the vector as the vector rotates; in general, make 
Buxe that the ideas involved arxi the symbolism expressing the ideas are clear. 

Exe3x;ises ^ 

You ma^' wish to devise additional driH exercises in the use of rotation. 
Exercises 1, 2, 3^ and k are cases in point and such problems are easy to make 
up. 



1. T-(f)ir.(f)-?, x.f 

2. (a) (-ijlf^ (-^)V^, x^f 

3. (a) f(j!) = (Ojlf + (-!)■?= 
(b) fOf) ~t 

k. (a) f(T?) - (f )? 

(b) fdD . (|)^+ 

5. m ' (-f )u ^ (f )v 



Answers to Exercises 5. 




and the result follows from (7). 
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tmt t corrMpood to « rot&tlon And g, to a rotation y. Tl^n x 
ud y are real nua^erftj hence^ y x » x ^ and the desired reault 
follows • 

Geometrically, the result means that a rotation thirough arc x fol- 
lowed by a rotation through arc y is equivalent to a rotation through 
arc y followed by a ix)tution through arc 



■1 





8. Since T - g(lJ), 

"by the result of Exercise 7- 

9. Froa Exercise 8, f(v) « f (g(u)j 

- g(f(u)) 

g(\Iu + vV) 

- ug(u) + vg(v) 
* uV - vU 

since g(U) ^ and g(v) = -Ij, 



^* Addition Formulas for Sine and Cosine , 

!Ihe derivation of cos (x + y) and sin (x + y) is usually accomplished 
either by geometric considerations in the first quadrant (which then involve a 
great deal of work to generalize), or by use of the distance formula. As 
remarked before, we feel the vector approach to be new and instructive and, in 
essence, simpler than either of the aformentioned. We include the page on the 
relation to complex nunibers to show Itill another means of deriving these for- 
ixtulas. 

Exercises 6 

The exercises are, in general, identities] applications of the sum and 
difference formulas. You may wish to illustrate a few samples on the black- 
board before asking the students to work the exercises. Exercises 5, and 6 
are in^rtant since the tangent function appears here for the first time and 
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Of itM properties are investigated. You should "be sure to cover these 
exerciaes at soce point in the vork* 

Ansvers to Exercises 6 

1. (a) cos - x) « cos I cos x sin | sin x 

» 0 -f- sin X 
« sin X 

(b) sin (| - x) = sin | cos x - cos | sin x 

» cos x - 0 

« cos X 

(c) COS (x H- ^) « cos X cos ^ - sin x sin ^ 

» 0 - sin X 

in X 



— » CI 



(d) sin (x |) - sin x cos | + cos x sin | 

- 0 + cos x 
= cos x 

(e) cos (jt - x) = cos 3t cos x + sin n sin x 

^ ( -l)cos X + 0 
= -cos X 

(f) sin - x) = sin n cos x - cos n sin x 

= 0 . (-l)sin X 

- sin X 

(g) cos (-^ + x) =: COS 4r COS x - sin 4r sin x 

*^ «i 

= 0 - (-l)sin x 
^ sin x 

(h) sin + x) - sin ^ cos x + cos ^ sin x 

= (-l)cos x + 0 
- -cos X 

(i) ^in (J x) ^ sin J cos x + cos | sin x 

(-^)(cos X sin x); 



COG - = COS ^ COS X + sin ^ sin x 

^ (— )(cos X + sin x). 
Hence, sin x) = cos - x). 



3T 
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2« lin (x - y) « sin (x ^ (-y)) 

• ain X cos (-y) ^ co8 x sin (-y) 

•» mln X COM y 7 cos x Aln y 

ItoMula 10: cos (x - y) ■ cos x cos y sin x sin y 

To derive 7^ cos (x + y) « cos (x - (-y)) 

*= cos x cos (-y) + sin x sin (-y) 

« cos X cos y « sin x sin y 

To derive 8: sin (x -^^ y) « cos ^| " ^^c + y)j flx» Exercise l(a) 

» cos - x) - y^ 







« cos (| - x) 


cos 


y + sin - x) sin 


To sijuplify 


cos (| - x) 


emd sin - 




use Exercise l{a)« 




cos (| - x) 


^ sin X 








sin (| - x) 


= COS - 


- x! 


') 






cos X* 






Hence, cos 


(| - x) cos y 


sin (| - x) 


sin 


y 


becomes 


sin X cos y 


cos x sin y. 






Kierefore, 


sin (x y) - 


sin X cos y + 


cos 


X sin y. 



To derive 11 , use 8 ^st obtained: 

sin (x - y) sin ^x + (-y)^ 

« sin X cos (-y) + cos x sin (-y) 
■ sin X cos y - cos x sin y« 

k, tan: x-f^ (x / ±| + 2n«) 
cos X '2 

To prove that tan is periodic with period jt, ve saist prove that 
tan (x ^ 3<) « tan Xt 

iVoni the definition, tan (x + :t) « t 1 

' cos \X JtJ 

^froa Ejcercises 2, 9(a)| 



*sin X 

"COS X 

= tan X. 



Nov, tan (if + 2n5c) « 



in + 2ns) 



cos ( + 1 Siac) 



But the dencdinator of this fraction is zero and therefore the values of 
tan + 2n3i) are undefined. 
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Bin 
cot 



(x ± y ) ^ Bin X cog y ± cos x gin y 
uTtyT cos X cos y f fin X tin y 



dividing nuaentor mod icnoMimtor ^y cot x cot y, 

sin X cos y ^ cot x sin y 
^ cot X COS y cos x cos y 
cos X COS y ^ sin x sin y 
cos X cos y cot x cot y 

sin X ^ sin y 
cos X cos y 



X ? X ^ sin y 
cos X * cot y 

tan X t tan y 
1 ? tan X tan y * 



tan ^ ^ tan x 0 » tan x 

1 + 0 

0 + tan X 



1 + tan X tan x 
tan X + tan x 



1 - tan X tan x 1 *- 0 
-tan X 



» -tan X 
a tan X 



sin (-x) -sin X 



tan (x - x) 
tan (x + x) 
tan (-x) 

cos K ^xj cos X 
sin 2x « sin (x + x) * sin x cos x + cos x sin x « 2 sin x 
cot 2x « cos (x + x) a cos X cos x • sin x sin x - cos^x - 
tan 2x ^ tan (x ^ x) = tan x + tan x ^ 2 tan x 



1 - tan X tan x 



1 - tan X 



sin 3x ^ sin {2x + x) » sin 2x cos x + cos 2x sin x 

2 2 2 

= 2 sin X cos x + (cos x - sin x)8in 



2 

* 3 sin X cos x - sin X 



cos 2x = 1 - 2 sin X 



Let X « |. 

cos y = 1 - 2 sin 



^1 



2 _ 2 

sin I 



■■4 



r 



cos y 



cos 2x « 2 cos X - I 



Let X « 



cos y • 2 cos ^ 



cos 



cos 



^ i m 1 ^ COS y 



COS y 
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JiaUply tb« n&A aeaber by ^ ^ 



tan ^ » t J^^ .r . ^Q^^y?^ Ifote: Ihe result given Is correct 

f 1 - cos y 



- cos 



-L. y ^ 1 - cos y J 
^ since tan ^ and — ^ * agree in 



, 2 sign for ail possible coiuDinations of 

sin y 

1 cos y sign of cos y and sin y. 

sin y 



fl + cos V 

Hiltiply the right member by ^YTT^Ty ' 

cos y)' 



^ 5 — f ^ 

tan ^ « + I ^ ' V . i . V- . 



(See previous note.) 



Altemativeiyj 

sin I 2 sin | cos | sin y 

tan|. 2^ = 1 + coE y- 

cos ^ 2 cos ^ 



7. Ctonstruction and Use of Tables of Circular Rmctions. 

Since this naaterial is largely in the nature of a reviev, you vill prob- 
ably not vish to spend much time on it. The table of decimal fractions of ^ 
vill be nev to the student, but we use it as we do any other table, and it 
should cause no difficulty. 

Answers to Exercises Ja 

I, Table I is not folded because the values of x are given in such a way 
that they are not oyrmnetrical about x ^ ^ O.785. For example, 

cos 0.60 - sin (| - 0.60). 

Since we are uslrj^ radian measure, ^ is irrational, and hence vc would 
hav^ to use an irrational interval (as is done in Table II) to get a 
symmetric table. 

cos 0.60 ^ sin (1.57 0.60) 
sin 0.97. 

Ercm the table, cos O.60 = 0,8253 and sin 0,97 = 0. 82^19. The values 

ko 



of cot 0.60 ftnd Bin 0.97 vcAild have to be the sose if the t«ble c(^ld 
be folded. 

2. («} tin 0.73 * 0.6669, cos 0.73 • 0.7452 

(b) sin (-5.17) - sin (-5.17 + ac) * sin l.U « 0.8957 

COB (-5 .17) * cos l.U * 0,4447 
(e) sin 1.55 * 0.9998, cos 1.55 « 0.O2O8 
(d) sin 6.97 - sin {6.97 - 2ic) * sin O.69 * O.6365 

cos 6.97 » cos 0.69 * 0.7712 

3. (a) sin X • 0.1099j X » 0.11 

(b) cos X « 0.9131, X » 0.42 

(c) sin X » 0.6495, x 3; O.71 

(d) coc X • 0.5403, X * 1.00 

Kote: Hereafter we use for " = ". 



4. 


(a) 


sin 


0.31(1) - 0.468, 


COS 0,3l( 


|) « 0.884 




\i>) 


sin 


0.79^2^ * 0.946, 


cos 0.79{ 


|) - 0.324 




(c) 


sin 


0.62{|) - 0.827, 


cos 0.62( 


|) - 0.562 




(d) 


sin 


0.71(|) - 0.898, 


cos 0.7l( 


I) « 0.440 


5. 


(a) 


sin 


tut = 0.827, 


t = 0.62 






(b) 


coc 


cut = 0.905, 


t - 0.28 






(c) 


sin 


cut = 0.475, 


t « 0.315 






(d) 


cos 


ojt - 0.795 J 


t - 0.415 




6. 


(a) 


sin 


45° - 0.707, 


cos 45° = 0.707 




(b) 




73° - 0.956, 


COG 73° = 0.292 




(c) 


sin 


36.2° - 0.591, 


cos 36.2° = 


0.807 




(d) 


sin 


81.5° = 0.989, 


COS 81.5° = 


: 0.148 


7. 


(a) 


sin 


X = 0.629, 


X = 39° 






(b) 


COG 


X - 0.991, 


X = 7.7° 






(c) 


sin 


X = 0.621, 


X = 38.4° 






(d) 


cos 


X = 0.895, 


X - 26.5° 
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Aaawrt to Sxerclgfta Jb 

1. Min 1.73 - «in (« - 1.73) - Bin IM • O.9S71 (Ikble I) 

2. co« 1.3« - -cos (l.3x - x) - -co» 0.3JC - -cci 0.6o(|) - -O.588 (Table II) 

3. «in (-.37) - -sin .37 - -0.3616 (Otole l) 

4. Bixt (-.37«) » -sin .74C|) - -O.918 (^Hble U) 

5. COS 2.a« - cos {2.8ic - 2k) - cos 0.8* « -cos (« - 0.8*) - -cos O.at 

• -cos 0.1*(|) - .0.809 (OJable II) 

6. COS l.Sjt « cos (ac - 1.8k) - cos O.at - O.805 (frco Exercise 5) 

7. cos 3.71 « -cos (3.71 - x) - -cos O.57 - -0.81*19 (a?able l) 

8. sin 1^° - sin (180° - 135°) » sin - 0.707 (Itole III) 

9. cos (-135°) • -cos (180° - 135°) - -cos 1+5° - -0.7Cfr (Ikble III) 
sin 327° « -sin (360° - 327°) - -sin 33° - -0.51*5 (!ftible III) 



10 



U. cos (-327 ) - cos (360° - 327°) - cos 33° - O.839 (!&ble III) 

12. cos I2.kx = cos (12. 1+R - lac) » cos O.l** = cos 0.8(|) - 0.309 (T^ble II) 

13. sin 12.1+ « -sin ikn - 12.4) = -sin O.16 « -0.1593 ("Eable I) 
•iU. cos (sin .ix) - cos (sin 0.6(|)) - cos O.809 (Table II) 

- 0.6902 (Table I) 
•15. sin (sin .7) • sin 0.641<.2 = O.6OQ5 (:feble l) 



8. Pure Vfeves ; i^equency. Amplitude , and Phase . 

We chose cos as our s t a nd a y j vave because its first peak occurs at 0. 
Since we are using peaks to discuss phase, cos serves better tha n sin which 
peaks first at | . The phase a is often called a lag (a > O) or a lead 
(a < 0)1 if a » 0, the wave is in phase with the staMard. By using 
0 < a < 2jf, we avoid all mention of a wave "leading". This is a departure from 
the conventional, in that most sciences ^ieh have occasion to discuss lead or 
lag use both. You jnay wish to eaqjlore this idea by examining with the class 
the effect of using -« a < *, and show that a < 0 represents a lead in the 
sense that a > 0 represents a lag. 

Sote that a is not, in general, the abscissa of the first maximum. In 
fact, A COB (ctjfc - a) (A > O) reaches a peak when cit-a-0 or t=S: 
hence, the abscissa of the first maximum is ^, 
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Answra to £xercises 8 



Hence J 
Since 
(a) 
2 



f 



p « 5 COS (irt - 0.927)j 

p • 0 if «t - 0.927 * I or ^. 

« 0,29, t « 0.79 or 1.79. 



0^ 
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An^Iitude » 2j 
Period = 
Phase » 0* 
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Agplitude » 2, Period = -j-, Hiase 0. 



hi 



Amplitude =3, Period ^ Hiase - 0. 





Amplitude - 5^ Period ^ Phase 



3. (a) y - A cos {ajt • a) = A cos oA cosa"*" A sin (jA sin cx 
y ^ h sin Jtt ' } cos 3tt 
A Gin a ^ A cog a ^ -3 
A^Csin^a ^ cos^a) - 16 9 
A^ = ^, A =^ 5 

^ i 

sin a - -Tf ^'^s a ^ -r 

a ^ It - 0.927 ^ 2.215 

Answer: y = 5 cos 'nt - 2.215) 

(b) y ^ sin Jtt + 3 cog nt 

A sin a = A COG a ^ 3^ A =^ 5- 

Gin a 



, COS a = 



5 . - 5 

a ^ ai - 0.927 ^ 5.357 
Ani^ver: y « 5 ^'Oi5 (rrt - 5*357) 

(c) y = sin st • J cos nt 

k 3 
A 5^ sin ct ^ cos a = 

a ^ 7t + 0.927 ^ ^-069 

Answer: y = 5 ^os (jtt - ^.069) 

(d) y = 3 sin Jtt ^ U cos jtt 



^, cos a - ^ 



A - 5, sin ct ^ 
a ^ O.Ckk 

Answer: y - 5 (nt - 0.6^4) 



^5 5j 
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(«) y - 3 sin xt - 4 co« «t 



5, iia a • |, 



a « X - 0.6kk M 2.k9S 

ArxBver: y * 5 cos {nt - 2.498) 

2 2 2 

C B 
sin a ■ cos a • j 

Although the directions in this problem do 
not ask for the values of t ftt ubich the 
maxliDa and ninlms occur, they have been 
included in these solutions in case the 
question arises* 

(a) A « 5, sin a - |, cos a - a « 0.644. 

Hence, 3 sin 2t + 4 cos 2t * 5 cos (2t • 0.644). 
Maximum value, 5, occurs vhen cos (2t - 0.644) » 1, or 

2t - 0*644 » 0, t - 0.3^. 
Minimum value, occiirs when cos (2t - 0.644) « -1, or 




2t - 0.644 

» 8. 



X, t « 1,893. 



Ohe period ^ ^ 

Hence, maxi ja u a values occur at t « O.322 + n« and minimuja values 
at t * 1.893 + nn. 



(b) A 



+ 9 = sina-~, wOEa--7^, 



a * K - 0.589 • 2.553. 

Hence, 2 sin 3t - 3 cos 3t » ^ cos (3t - 2.553). 
Bie period «^ — . Maximum values, /l3, occur liien 

3t - 2.553 - 0 + 2njc, t 0.851 + 
Minimum values^ -i^l3, occur vhen 



2m 



3t - 2.553 - ^ + 2n^, t ^ 1.898 + . 



(c) A 



A + 1 = v^, sin a ■ cos ct * at * 

Hence, -sin (|) + cos (|) * ^ cos (| - ^)* 

fHie period » — « 4r. Maxinum values, V2, occur when 

2 

I - ^ = 0 + 2n«, t -. ^ -f 4nx. 

Minimum values, -•/2, occur vhen 

I - ^ - jt + 2n«, t = ^ + 4njj. 




A co« (a* - a) + B cos (uA - 

■ A cos oit cos a A sin ojt sin a + B cos ujt cos ^ + B sin sin 3 
- (A cos a B cos 3)cos ojt ■♦■ (A sin a + B sin 3)sin cut 
• C cos (c ab - y) vben 

C - /(A sin a + B sia 3)'^ + (A cos a + B cos g)^ , 

sin 7 ■ ^ ''^ c ^ and cos 7 = ^-^2SJ2LlB..££S-g . 

Sliwe A, B, a, *nd 3 ar« resl numbers, it follows that C is a real 
zsmbtr, and it is easy to show that 

0 < sins' < 1< 0 < COBS' < i# sinS^ + cosS - 1, 
and therefore 7 is a real nuaber. 

(a) ProB the solution in the text, t - ± ^ + 2n. 

So t « 0.295 t 0.333 + 2n. 
The smal lest positive value of t is 
t * 0.295 0.333 « 0.628. 

(b) 3 cos nt + k sin «t - 5 
5 cos («t - 0.927) = 5 
cos (jtt - 0.927) - I 

Qiis is satisfied when the argument of the cosine is 0 + 2n3t. 
therefore, jrt - 0.927 » 2wr, • 

or t * 2n ^ 0.295 + 2n. 

Ihe sanallest positive value of t is 
t s 0.295. 

(e) sin 21 - cos 2t 1 
cos (2t - = 1 

cos (2t - f ) . f 

Blis is satisfied v^en the argument of the cosine is ±^ + 2n3t. 
Kierefore, 2t * = if + Srut, 

or t - ^ ± I + nst. 

The aaiallest positive value of t is 
t 



hi 5r> 



(d) 4 cos 3Ct - 3 sin 3Ct - 0 "f 
5 cos (rt - - 0 "i 
cos (jst - 5.^0) - 0 i 
IThis is satisfied vben the curgumet.t of the cosine is ±| + 2njt. 
therefore, ift - 5-6^*0 » *| + Sm, 

OP t * + I + 2n * 1.795 ± 0.5 + 2ji. ' 

Ihe aaallest positive value of t is 

t m 1,795 + 0.5 - 2 w 0.295. 

(e) k cos jct + 3 sen art - 1 
5 cos C«t - Q.6hk) - 1 
COS (xt - - 0.2 

Ihis is satisfied ^en the argument of the cosine is approximately 
il.369 + 2ra (froo Table l). 

OSiereforts, Jtt - 0.6hh m ±1.369 + 2ns, 

. O.Skk t 1.369 . p„ 
or t « — ■'— ' ' + cin. 

The smallest positive value of t is 

t * 0-6^ ^ ^-36? ^ 0 0.61.1. 



7, Given y = B cos (^t - 3). 

We may clearly assume that 0 < 0 < 2jc. 

!• If p. and B are positive, we set fi^O), B = A, 3 = a. 

2. If is positive and B is negative, set ^ B -A. 
Bien y * A (-cos (a* - 3)) = A cos (ojt - g ± it). 

If 0 < 3 < Jt, take a = p + 3t. 
If Jt < 3 < 2ff, take a » 3 - 

3, If is negative, iset jj, « -O). 

Then y * E cos (-ojt - 3) ^ B cos (ojt ^ 3) 
E cos (cut - (2rc - 3)) 
« B cos (oA - 3*)' 

Pi\>ceed as in 1 and 2. 
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Analysis qf Gener&l Waves > 

The purpose of this section is to provide the student vith some idea of 
the power of simple circular functions, and to show hov they can be used to 
aCPPTOXijaate mich xaore coiqplex periodic functions. Ve do not intend that the 
student use iburier's deorem, but only that he understand vhat it says, and 
what it .icsjlies^ 



Answers to Sxercise£3 £ 



1. (a) 
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(b) 
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(c) 
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(b) The cosine teim&i also the terms B sin nx. n ever. 

n ' 

(In our c&se^ a « 2x«) The fimctloa "beixag represented has the prop- 
erty that f(-x) * -f(x) (odd fumstion), Bais property holds for 
sin nx but not cos nx. Moreover^ f(x) has the property that 
fix - x) * f(x). Ttxls property does not hold for sin 2kx, k inte- 
gral, since sin 2k(3C - x) » -sin 2kx* It does hold for 
sin (2k l)x. 



Illustrative Test Questions 

1. Determine whether each of the folloving functions is periodic and, if so, 
find the fundamental period: 

(a) y « |cos 2x|; (b) y « sin 3x cos 3x. 

2. Given that f: x^ f(x) is periodic with IXmdamental period and 
given that f(^) - 2, f(2) « 5, and f(^) « 3, find 

(a) f(0); (b) f(-|); (c) f(J). 

3« Sketch two coa^lete cycles of the graj^ of y ^ 2 sin 3x, 
Cliange from radians to degrees: 
(a) (b) 3|. 

5« Change from degrees to radians; 

(a) 165°; (b) 2°. 

6. What is the radius of a circle in vdiich a sector of area 6 has a peri- 
meter 10? (two solutions) 

7. Sketch the grajii of y » sin x - 1/3 cos x over a complete cycle, indi- 
cating both the fundamental period and the amplitude. 

8. Express sin (x + 2y) in terms of sin x, sin y, cos cos y. 

9« Express the following in the form ±sin x or ±cos x: 

(a) sin (x + (c) sin (-3x - x); 

(b) cos - x); . (d) cos {x + 531). 
10a Show that 

(sin X ^ sin 2x )(sin x)(l - 2 cos x) « (cos x ^ cos 2x)(cos 2x - cos x) 
holds for all real values of x. 
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11. QlY«n tin 27° - 0.^5^0 aai sin 26° « 0.4695, lateipolate to find 
(a) sin 27. kP', 

ih) the mofile between 2?° and 28° whose sine is 0.4664. 

12. Given the function x-* -3 sin (2x + |), find the points on the graph vith 
■aNllest positive x for vfaich 

(a) the function hae the value zero; 

(b) the function has a rm^v^mum value; 

(c) the function has a ' n < n1 m m value. 

*13. If a, b, c are constants, find A and B such that 

sin (x + c) « A sin (x + a) + B sin (x + b) holds for all values of x. 
(You may assune that sin (a - b) 0.) 



1. 



2. 



(a) 



COS 



Answers to Illustrative Test Questions 
2(x + |) « cos (2x + Jt) = -cos 2x 



Hence, jcos 2(x -^1)1 « |cos 2x\ and the period is | . 



(b) sin 3x cos 3x « | sin 6x - ^ sin (6x + ai) - i sin 6(x + |) 
and the period is |. 



(a) f(0) - f(2 - 4.|) = f(2) - 5 

(b) f(-|) - - 4 . i) = f (^) = 3 

(c) f(|) = + i) = f(^) = 2 



4. (a) 11.42!. 1C50 



12 

(a) 165°.-^ 
180° 



12 



(b) 
(b) 



2 180° 



24: 

90 
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6f If the radius is r and the arc then 



7. 



ar + s » 10; 



irClO - 2r) = 6; 



2 2 

5r - r • 6j r - 5r + 6 = 0; (r - 3)(r - 2) » 0, r - 3 or 2. 
Note that y = sin x - ^3 cos x = 2 sin (x - |) for all x. 
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«-fund* period "2 > 



T 



8, sin (x + 3y) sin x cos 2y + cos x sin 2y 

» sin X (cos y - sin y) + cos x • 2 sin y cos y 

2 2 
^ sin X cos y - sin x sin y + 2 sin y cos x cos y 

2 

or sin x - 2 sin x sin y + 2 sin y cos x cos y 

9. (a) -cos X (c) sin x 
(b) sin X . (d) -cos x 

IQm (sin x + sin 2x)(sin x)(l - 2 cos x) » (cos x + cos 2x)(cos 2x 

= (sin x + sin 2x)(sin x - 2 sin x cos x) 

= (sin X + sin 2x)(sin x - sin 2x) 

2 2 

- sin X - sin 2x 

2 2 
= 1 - cos X - (l - cos 2x) 

= cos 2x - cos X 

- (cos £x cos x)(cos 2x - cos x) 



cos XJ 



11. (a) sin 28° 

,0 



O.U695 

sin 27" = 0.4540 
0.0155 

.± 

.00620 

Mho 

sin 27.4'^ = .4602 



M6k 
.0124 



.0124 



.0155 
sin 27.8° = 0.4664 



= 0.8 
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12. (*) -3 sin (2x + |) 

2x + I « 0, n, -jc, 

■ If at ksi 

I' 3 ' " 3 ' 
s « at 

6' 3' 3 ' 
Answer: t 



(b) -3 sin (2x + |) - 3 



55- ■ ■ ■ -«aa*' 



sin (2x + |) = -1 
3 2' 2' 



2x 



X = ^— . •■ . • • • 

12' 12' 

In 

Answer: •J^ 

(c) -3 sin (2x + |) - -3 

sin (2x + |) = 1 

cy^ ^ ^ « 3n 

^ 3 " 2' 2 ' "* 

Jt lljt 

^ = 12' -Ti"' ■** 

Answer: ^ 

*13- If X = -a, ve have 

sin (c - a) A sin 0 + E sin (b - a) 
sin (c - a) sin |a ■ 



B 



5in Cb - a) sin 



If X - -b, ve have 

Gin (c - b) = A sin (a - b) + B sin 0 

A = gin (e - b) ^ sin (b - c) _ ain (b - c) 
sin (a - b) " sin (b - a) " ' sin (a - b) * • 
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6.C, 



